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Abstract

I show that some of Campbell and Cochrane’s (1999) main predictions about
asset price dynamics result from an inaccuracy in their model’s numerical so-
lution. When solved accurately, volatility is a hump-shaped function of the
model’s state and falls in recessions. The leverage effect counterfactually dis-
appears in recessions. Risk premia are substantially less cyclical and returns
less predictable than reported in the original paper. At the 7-year horizon, the
predictive R-squared falls from 30% for the original solution to 10% for the
accurate solution. However, I show that the original findings can be restored
by augmenting the model with countercyclical leverage.
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I. Introduction

In their abstract, Campbell and Cochrane (1999) assert that the habit model “ez-
plains a wide variety of dynamic asset pricing phenomena, including the procyclical
variation of stock prices, the long-horizon predictability of excess stock returns, and
the countercyclical variation of stock market volatility.” The fact that these phe-
nomena are captured by a single, intuitive economic mechanism — time-varying risk
aversion — has helped to establish the habit model as a central paradigm in asset
pricing theory. Campbell and Cochrane’s study is covered most asset pricing texts'
and, at the time of this writing, has accumulated over 6,300 Google Scholar citations.

One limitation of the habit model is the absence of an analytical solution.
Wachter (2005) shows that Campbell and Cochrane’s numerical solution exhibits
inaccuracies that bias the model’s implications for unconditional asset pricing facts,
such as the unconditional mean and volatility of stock market returns. When the
model is solved accurately, the original calibration yields a poor fit for these mo-
ments. However, Wachter (2005) shows that this issue can be overcome with a
different calibration. Surprisingly, neither her study nor subsequent literature has
considered the implications of this inaccuracy for dynamic asset pricing phenomena,
which form the core of Campbell and Cochrane’s contribution.

In this paper, I show that the numerical inaccuracy significantly affects dynamics.
Most notably, stock market volatility no longer increases during recessions when the
model is solved accurately. Instead, it becomes a hump-shaped function of the
model’s state (the “surplus consumption ratio”). For the worst states, which can be
compared to deep recessions in the data, “excess volatility” falls to zero. Instead of
being associated with large spikes in stock market volatility, as in the data, recessions
therefore feature low volatility in the model.

The counterfactual behavior of volatility turns out to be an inherent property

!See, e.g., chapter 8.4 of Campbell et al. (1998), chapter 21 of Cochrane (2005), chapter 10.5.2
of Singleton (2006), chapter 14.2 of Pennacchi (2008), chapter 11.7 of Back (2010), chapter 9.2.3 of
Munk (2013), and chapter 6.7.2 of Campbell (2017).



of the habit mechanism, rather than a calibration issue. In particular, time-varying
return volatility results exclusively from heteroscedasticity in the price-dividend
(P/D) ratio because dividend growth rates are assumed to IID. In turn, the P/D
ratio is a function of the surplus consumption ratio, Sy, and therefore inherits its
heteroscedasticity from S;. Campbell and Cochrane specify an exogenous process
for the logarithm of S; whose volatility approaches infinity in the S; — 0 limit.
However, the volatility of S;’s level has to approach zero at that point because
log-normal variables cannot turn negative. Economically, a negative surplus con-
sumption ratio would imply that consumption falls below the agent’s habit level
and render Campbell and Cochrane’s utility function undefined. Consequently, the
counterfactual behavior of volatility cannot be rectified by recalibrating the model.

I show that the volatility dynamics in the accurate solution have important
implications for two other model predictions. First, the model loses its consis-
tency with the “leverage effect”, i.e., the empirical observation that returns are
negatively correlated with contemporaneous changes in conditional volatility (Black
1976). While the model continues to produce a leverage effect during expansions
when solved accurately, the correlation counterfactually becomes positive during
recessions. Second, risk premia are less cyclical and returns less predictable than
reported by Campbell and Cochrane (1999). This finding reflects two opposing
forces. Risk aversion increases during recessions, elevating the volatility of the pric-
ing kernel and, consequently, expected returns. This channel remains unaffected by
the numerical solution because the pricing kernel is exogenous. Conversely, return
volatility declines during recessions for the accurate solution, lowering expected re-
turns. Overall, the pricing kernel channel dominates, and expected returns remain
countercyclical. However, the accurate solution implies that monthly expected re-
turns stay below 15% p.a. during deep recessions, in contrast to the nearly 40%
p.a. reported by Campbell and Cochrane (1999). Additionally, in long-horizon
predictability regressions based on simulated model data, R-squared values in the

original paper are overstated by a factor of about three due to the numerical inac-



curacy. At the 7-year horizon, R-squared equals only 10% for the accurate model
solution, substantially lower than empirical estimates.

The final section of the paper introduces an extension of the Campbell-Cochrane
model based on countercyclical “leverage”. I assume, and confirm in the data,
that dividend growth becomes more volatile and more correlated with consumption
growth in recessions, i.e., for low values of the surplus consumption ratio. Apart
from this cyclicality in dividend risk, I calibrate the extended model in exactly the
same way as Campbell and Cochrane. The results are striking. The state-dependent
characteristics of the price-dividend ratio, expected return, Sharpe ratio, and return
volatility in the extended model closely resemble their empirically realistic but inac-
curate counterparts in the original paper. Volatility is countercyclical, the leverage
effect persists at all times, and excess returns are strongly predictable at long hori-
zons. Hence, the extension “restores” the habit model’s realistic predictions for
dynamic asset pricing phenomena.

Related Literature. The countercyclical leverage channel resembles the mech-
anism in Gabaix (2012), who puts forward a model in which dividends’ exposure to
rare consumption disasters varies over time. In his model, dividends become con-
ditionally more volatile and more correlated with consumption when their disaster
exposure rises, and this rise in leverage coincides with falling stock prices. However,
leverage does not vary with shocks to the real economy (consumption or dividends)
in Gabaix’ model and therefore does not rise in recessions. Kuehn et al. (2023) show
that this feature leads to counterfactual asset price dynamics during disasters. In
reality, leverage increases after a sequence of negative macroeconomic shocks, be-
cause the scale of firms’ coupon payments to bondholders (financial leverage) as well
as the scale of their rent, leasing, and wage payments (operating leverage) cannot
easily be adjusted in the short-term. Equity therefore becomes riskier after a se-
quence of bad shocks. My extension of the habit model captures the responsiveness
of leverage to macroeconomic shocks by modelling dividend moments as functions

of the surplus consumption ratio.



Bekaert and Engstrom (2017) also extend the habit model, but the nature and
objective of their extension are quite different from mine. Their study adds a second
state variable that controls persistent variation in the higher moments of endowment
shocks. Consumption and dividend growth rates are exposed to identical shocks and
therefore perfectly dependent, yet imperfectly correlated due to the non-normal na-
ture of the shocks. These additional non-linearities allows Bekaert and Engstrom to
match a broad set of moments of equity index options, in addition to standard eq-
uity moments. However, their model is less tractable than Campbell and Cochrane’s
and features very little return predictability. In contrast, the extension I propose
maintains the single state variable, lognormal structure of the original paper and
targets the same set of empirical facts, including the long-horizon predictability of
excess returns.

Ljungqvist and Uhlig (2015) have previously criticized the habit model on eco-
nomic grounds, by showing that occasional endowment destructions can be welfare
improving for an agent with external habit utility. In response, Campbell and
Cochrane (2015) show that this welfare improvement can disappear when the model
is solved at daily of higher intervals, depending on how the endowment destruction
is spread out over time. The nature of my critique is different. Rather than chal-
lenge the economic plausibility of the model’s mechanism for rationalizing volatility
dynamics and return predictability, my findings cast doubt on the its ability to ra-
tionalize these data features. Additionally, I show in the appendix that my results

are virtually unchanged when the model is solved at a daily frequency.
II. The Campbell-Cochrane Model

This section briefly describes the model. My notation follows the original paper:
Upper case letters are levels, lower case letters are natural logs, and A denotes the
. Citr
difference operator; e.g., Acy11 = In (Ti)

Consumption follows a homoscedastic random walk,

Aciy1 =g+ vt (1)



where g is the average log growth rate and vy ~ N (0,02). The representative

agent’s utility function is

=~ o (Crn — Xpgn)' ™7 =1
E, Zéh( t+h : t+h) : (2)
h=0 -7

where § > 0 controls time preference and v > 0 controls risk preference. Time
variation in the habit, X;, is modelled via the surplus consumption ratio

G- X,

S,
t Ct )

3)
whose logarithm evolves as a heteroscedastic AR(1) process,
st+1 = (1= ¢)5 + b5y + A(s) Vi1 (4)

The parameters § and ¢ control the mean and persistence of s;, whereas the function
A(s¢) controls its sensitivity to consumption shocks and is specified as
S /1—-2(sy—53) =1 8 < Smaz
Alse) = : ()
0 s St 2 Smax
where § = oy/7/(1 = ¢), Smaz = 5+ 3(1 — 5?), and 5 = InS. Campbell and
Cochrane (1999) show that (5) results in a constant risk-free rate.

The representative agent’s intertemporal marginal rate of substitution equals
My = de (Bt isen), (6)

Different from the IMRS in models with recursive utility, (6) does not depend on
endogenous objects. The numerical solution method therefore has no effect on the
behavior of M;,1 in the habit model. This fact will be useful for comparing asset
pricing moments across alternative solution methods.

I turn to a discussion of equity valuation. In a Lucas (1978) economy, eq-

uity would be modelled as a claim to aggregate consumption. In reality, however,



stock market dividends are imperfectly correlated with consumption and consider-
ably more volatile. To capture this “levered” nature of dividends, Campbell and

Cochrane (1999) propose to model them as a separate process,
Adiyr = g+ wipa, (7)

where wyy1 ~ N(0,02) and corr(v,,w;) = p. Equity represents a claim to the
dividends in all future periods. Following Campbell and Cochrane (1999), this
approach for modeling leverage has been widely adopted throughout the asset pricing
literature.? Let P(s;) denote the price-dividend ratio, which is a function of the
model’s state variable s;. Based on P(s;), the cum-dividend return of the dividend

claim can be written as
P(st+1) + 1 adi, (8)
P(st)

and plugged into the standard Euler equation E;[M;1R;y1] =1 to yield

Ry =

Ps,) = E [Mm (P(se41) + 1) eﬁdm} . 9)

The RHS of (9) involves a bivariate integral over v;41 and wyy1. Fortunately, joint

normality implies wyy1|vig1 ~ N (pZ2viq1, (1 — p?)ol), which can be used in con-

junction with the law of iterated expectations to analytically integrate over wyy1:
Plst) = By [Misn (P(spia) 4+ 1) e 05 v 0ot /2] (10)

Substituting for M;1; and s;11 from (6) and (4) and writing the expectation as an

integral results in

P(s) —5e(1=19=7(1=¢)(5=s¢)+(1—p*)07, /2

o0 , (11)
x / (P (1= 9)5 + g5t + A(s0)u) + 1) e 1AEHDR (1),
where f(v) is the probability density function of a normal random variable with

mean zero and standard deviation o. To examine the model’s implications for stock

returns in (8), one needs to solve this functional equation for P(s;).

2Well-known examples include Bansal and Yaron (2004), Routledge and Zin (2010), Gabaix
(2012), and Ju and Miao (2012). A predecessor based on Markov-switching fundamentals was
proposed by Cecchetti et al. (1993).
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Figure I: Price-dividend ratio. The dotted line replicates Figure 3 in Campbell and Cochrane
(1999). The unconditional distribution of the surplus consumption ratio (not drawn to scale) is
shown in the background.

Campbell and Cochrane (1999) report results for returns on a claim to consump-
tion in the spirit of Lucas (1978), in addition to those for the claim on dividends.
The Euler equation for the consumption claim obtains as a special case of (11) by
setting p = 1 and o, = ¢. In what follows, I focus on results for the dividend claim

because it represents a more realistic counterpart to the stock market.
III. Numerical solution method

Following Campbell and Cochrane (1999), I solve P(s;) numerically on a grid by
iterating on (11). The only difference between the solution in the original paper and
mine lies in the grid values for the state variable s;, as further discussed below.

On the basis of (11) and a conjectured solution P%(s;), an updated solution
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Figure II: Euler equation errors. Euler equation errors are defined in equation (13).

Pi*l(s;) can be computed as

Pt (s,) =0e1—M9=7(1=9)(5=s)+(1=p")o7, /2
S o (12)
« / (PI((L = §)5 + sy + Alse)o) + 1) =106 () gy,

This iterative procedure is repeated until the supremum norm of P+ — P? falls
below 1078, I evaluate the integral numerically using Gauss-Chebyshev quadrature
with 50 nodes, spread between —7 and +7 standard deviations. To compute P for
off-grid values of s;11 that result from the quadrature, I linearly interpolate InP as a
function of s;11. Parameter values for the model’s monthly calibration are identical
to those in Campbell and Cochrane (1999) and shown in Table 1 of their paper.
Campbell and Cochrane do not specify the construction of their state grid, but
the values can be gleaned from Figure Al of their online appendix and are also
reported by Wachter (2005). The grid is based on 14 equally-spaced points for S;
between 0 and e®mer, excluding 0 (netting 13 points), as well as points at 0.090,

0.091, 0.092, and 0.093, for a total of 17 points. The dotted line in Figure I shows



the numerical solution for the price-dividend ratio P(s;) based on this sparse grid,
which closely matches its counterpart in Figure 3 in Campbell and Cochrane (1999).
Similarly, the first two conditional returns moments in Figures III and V below
match their counterparts in Figures 5 and 4 in Campbell and Cochrane (1999). The
numerical solution based on the sparse state grid therefore successfully replicates
the results in the original paper.

Figure II assesses the accuracy of Campbell and Cochrane’s numerical solution

by plotting Euler equation errors, defined as

Plst+1) +1 ad,,,
P(st)

I compute (13) for both on-grid and off-grid values of s; and rely on the same

€(St) = Et Mt+1 — 1. (13)

quadrature and interpolation method as in the model solution. By construction,
Fuler equation errors are close to zero for grid values of S;. For off-grid values, how-
ever, they are large. Absolute errors have an average of 2.7 x 10™* and a maximum
of 0.21, which indicates that the numerical solution is fairly imprecise.

Wachter (2005) shows that an accurate solution of the habit model crucially
relies on a grid with more S; values close to zero. For expositional simplicity, 1
use a different algorithm than Wachter (2005), but it is important to emphasize
that my contribution relative to her study lies in an examination of different model
implications, not in proposing a superior algorithm.? I use a state grid with n, =
100, 000 points for s; that contains more gridpoints for small values of s; and fewer
points for large values. Specifically, the i-th gridpoint equals 8, +D X (i—1)™, where
Smin = —300, D = (Smaz — Smin)/(ns —1)™, and 7 = 1/10. Figure II shows that the
solution based on this state grid features much smaller Euler equation errors than
the original solution. Absolute Euler equation errors have an average of 2.4 x 1079
and a maximum of 5.1 x 10~8. Hence, the solution is very precise. Obviously, the

computational costs of using such a fine grid would have been prohibitive when

31 find that the preferred solution approach of Wachter (2005), “Grid 3, Series method”, results
in absolute Euler equation errors that have an average of 3.9 x 107% and a maximum of 5.2 x 10™*.
This is slightly less accurate than my solution, but considered accurate by common standards.



Campbell and Cochrane wrote their paper in the mid 1990s.

The solid line in Figure I shows that the resulting P/D ratio looks drastically
different from the original solution. The reason for this difference is also immediately
clear: P/D features extreme curvature for small values of S; and approaches zero for
St — 0. This “boundary condition” is a critical feature of the habit mechanism: As
consumption approaches the agent’s habit level (as S; approaches zero), risk aversion
approaches infinity, expected returns approach infinity, and the price-dividend ratio
therefore approaches zero. Campbell and Cochrane’s solution fails to capture the
curvature in P/D because their lowest grid value of S; = 0.0072 lies above the
concave region of P/D. Despite the fact that states to the left of this point occur
with a probability of just 0.5%, they have a sizable effect on the level of P/D in
regions with more probability mass due to the recursive definition of P/D.

The appendix contains several robustness tests. First, I solve P(s) based on a
projection method (Judd 1992), as an alternative to the finite element method de-
scribed above. Global polynomial approximations of this kind have previously been
shown to accurately capture nonlinearities in asset pricing models with long-run
risks (Pohl et al. 2018). Second, I solve P(s) based on Wachter’s (2005) “series
method”, i.e., by computing a series of dividend strip prices rather than solving for
the fixed point of a functional equation. Third, I solve P(s) based on a daily rather
than monthly decision interval. This approach follows Campbell and Cochrane
(2015), who use daily simulations to approximate the continuous time limit of the
habit model. In each case, the appendix shows that both P(s) and the condi-
tional moments of returns are almost indistinguishable from their counterparts in
the benchmark solution.

A careful reader may notice that P(s) in Figure I does not completely reach
its theoretical limit of zero as S; — 0 (equivalently, as s; — —oo ).* This effect is

caused by P(s) approaching its limit very slowly as s; — —oo, and the lowest grid

4Similarly, the conditional volatility of returns in Figure III does not completely reach its
theoretical limit of o4 as Sy — 0.
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value of -300 for s; not being “close enough” to —oco. In a forth robustness test, 1
show that a projection approach based on a very high dimensional polynomial is able
to capture P(s) far enough into the left tail to make it visually indistinguishable
from zero. I do not use this case as my benchmark because (i) it is extremely
inefficient computationally, (ii) it makes no discernible difference for asset pricing
moments in the region s; > —300, and (iii) it requires a daily decision interval,
which makes it harder to illustrate why my results differ from those in the original
study. Importantly, however, this robustness test illustrates that, in order to find
accurate return moments in the economically relevant region of the state space, it

is not necessary to compute P(s) all the way to the left limit of its domain.
IV. Volatility Dynamics

Figure III shows the conditional volatility of returns as a function of the surplus
consumption ratio. Because returns are a function of the P/D ratio, their volatility
is affected by the numerical solution. The dotted line is based on the sparse state
grid and replicates Figure 5 in Campbell and Cochrane (1999). It shows that,
as the surplus consumption ratio falls, the conditional volatility of returns rises
monotonically. Since low values of S; are also associated with low P/D ratios,
Campbell and Cochrane (1999) naturally interpret them as recessions and highlight
the “countercyclical” nature of volatility as one of the model’s main predictions.
The solid line shows that volatility is a hump-shaped (rather than monotonic)
function of S; for the numerically accurate model solution. For values below the
18.2-th percentile of S;, which is indicated by the vertical line in Figure III, o;[Ry41]
is an increasing function of S;. The probability of these states roughly lines up with
the NBER recession frequency of 13.6% in the 1947-1922 sample. Hence, the model
predicts that recessions are associated with below peak volatility and that deep
recessions, such as the financial crisis of 2008, are associated with particularly low
volatility. This prediction runs opposite to the data, where recessions are typically

associated with large spikes in stock market volatility.

11
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Figure ITI: Conditional volatility of returns. The dotted line replicates Figure 5 in Campbell
and Cochrane (1999). The dashed vertical line marks the point at which volatility reaches its
maximum for the numerically accurate model solution. The dashed horizontal line marks the
volatility of log dividend growth rates. The unconditional distribution of the surplus consumption
ratio (not drawn to scale) is shown in the background.

The results in Figure III also affect the habit model’s ability to capture the
“leverage effect”, i.e., the empirical observation that returns are negatively corre-
lated with contemporaneous changes in conditional volatility (Black 1976). Camp-
bell and Cochrane (1999) (p222) state that their model captures the leverage effect
since equity valuations (the P/D ratio) are an increasing function of S;, whereas
volatility is a decreasing function of S; in their solution. For the numerically accu-
rate solution, however, volatility is an increasing function of .S; in recessions, which
implies that the correlation between returns and volatility innovations becomes pos-
itive. In contrast, the data shows that the leverage effect remains significantly
negative during recessions. In the 1947-2022 sample, the correlation equals -45.1%

during NBER recession months and -43.6% outside of NBER recession months.’

51 compute correlations based on an overlapping sample of 21 trading day returns on the CRSP
value-weighted market index. The conditional volatility of the return between day ¢ and day t 4 21

12
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Figure IV: Conditional volatility of the surplus consumption ratio.

What accounts for the hump-shape of volatility? Because dividends are ho-
moscedastic, time variation in the volatility of returns is entirely driven by the
heteroscedasticity of P/D, which in turn reflects heteroscedasticity in the surplus

consumption ratio. Standard results for log-normal random variables imply
0t(St+1) = By Sera]V eVanlsinl — 1, (14)

where Ey[S;1] = e(l=0)5tsctA(50)%0%/2 qp eVarsial — A(0°0"  Figure IV shows
that o4(Si+1) is a hump-shaped function of S; and equal to zero at the endpoints
of the domain [0,e*me=]. Because S; has a conditional volatility of zero at the
endpoints of its domain, so does P/D. As a result, the conditional volatility of
returns approaches the volatility of dividends at these points, which is time-invariant

and indicated by the horizontal line in Figure III.

is estimated by the standard deviation of daily returns between days t — 22 and t — 1. To assess
statistical significance, I regress changes in the 21-day volatility on the contemporaneous return.
Using Newey-West standard errors with 21 lags to account for the overlapping data, I find ¢-statistics
of -3.4 and -7.8 for the recessions and non-recession subsample, respectively. The leverage effect is
therefore significantly negative across the business cycle.

13



Importantly, the fact that o(S¢+1) approaches zero at both 0 and e®m* is nec-
essary in order for habit utility to be mathematically defined. For S; > e®mar,
the sensitivity function A(s;) in (5) turns negative, which implies that the log sur-
plus consumption ratio s; in (4) has a negative conditional volatility. For S; < 0,
consumption falls below the habit level and utility in (2) is not well defined. To
prevent S; from falling outside of the interval [0, e’e] with a positive probability,
the volatility of S; has to approach zero at its endpoints. Hence, this feature is a

mathematical necessity rather than merely a property of a particular calibration.
V. Return Predictability

The dynamics of volatility are important for the dynamics of expected returns.
Specifically, because the accurate solution produces lower (systematic) return volatil-
ity in recessions, it also produces a lower equity premium in these states. Figure V
shows expected returns as a function of the surplus consumption ratio. The dot-
ted line is based on the sparse state grid and replicates Figure 4 in Campbell and
Cochrane (1999). It shows that expected returns can spike to nearly 40% p.a. dur-
ing recessions, i.e., for low values of the surplus consumption ratio. In contrast, the
solid line for the numerically accurate solution shows that expected returns remain
below 15% p.a. for the same states.% Risk premia in the habit model are therefore
considerably less countercyclical than suggested by Campbell and Cochrane (1999).

To understand time-variation in expected returns in more detail, it is useful to

write them as’

0| M,
Ey[Rys1] = RS — Mat[Rt—&—l]Pt[Mt—i-la Riyq]. (15)
Ei[M;yq]

I discuss each RHS term in equation (15). First, R in time-invariant by con-

struction and therefore doesn’t affect the cyclicality of expected returns. Second,

50f course, risk aversion approaches infinity in the S; — 0 limit and expected returns therefore
do so as well, but these states occur with a negligible probability. Based on a long simulation, the
probability of expected returns exceeding 15% p.a. equals 0.0002%.
_covy[Myyq,Ry41]
E[M¢q1] .
Replacing the covariance by o¢[Myiy1]ot[Ret1]pt[Mit1, Re+1] and re-arranging yields (15).

TE{[M¢y1Ris1] = 1 implies that the equity premium equals Ei[Ri41] — Rf =

14
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Figure V: Expected returns. The dotted line replicates Figure 4 in Campbell and Cochrane
(1999). The unconditional distribution of the surplus consumption ratio (not drawn to scale) is
shown in the background.

Ut[MH-ﬂ

Eu[M, 1] equals the maximum Sharpe ratio, as implied by the Hansen and Jagan-

nathan (1991) bound. Because the pricing kernel is exogenous, the maximum Sharpe

¢ [Mt+1]

B [M; 1] 1S MmMono-

ratio is identical for both model solutions. Figure VI shows that
tonically decreasing in S; and approaches infinity in the S; — 0 limit, where risk
aversion becomes unbounded. Unsurprisingly, time-varying risk aversion therefore
contributes towards increasing the equity premium in recessions, and this effect is
not altered by the accurate solution. Third, in contrast to the results reported by
Campbell and Cochrane (1999), o¢[R¢+1] is an increasing function of S; in recessions
for the accurate solution. Equation (15) shows that return volatility therefore con-
tributes towards decreasing the equity premium during recessions, which makes risk
premia less cyclical for the accurate solution. Fourth, to see how the correlation be-

tween returns and the pricing kernel affects the cyclicality of expected returns, note

that equation (15) implies p¢[Miy1, Riy1] = — (E‘f[”ﬁij}m> / (Ett[[]\l\ii]]) This is a
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Figure VI: Sharpe ratios. The maximum Sharpe ratio %ﬁﬂ (dashed line) is identical for

both model solutions because the pricing kernel is exogenous. The unconditional distribution of
the surplus consumption ratio (not drawn to scale) is shown in the background.

familiar result: If the correlation is closer to -1, the stock market’s Sharpe ratio is
closer to Hansen Jagannathan bound. Figure VI shows that the difference between
the maximum Sharpe ratio and that of the stock market is larger for the accurate
solution than that of Campbell and Cochrane (1999), and particularly so during
recessions. Hence, the correlation between returns and the pricing kernel is less neg-
ative during recessions for the accurate solution, and this channel also contributes
towards making expected returns less cyclical than reported in the original paper.
The results up to this point have focused on one-period returns. However, Camp-
bell and Cochrane (1999) primarily emphasize the habit model’s ability to produce
variation in long-horizon returns, because this variation can be quantified empirically
based on predictive regressions. Of course, the dynamics of long-horizon expected

returns are closely related the dynamics of one-period expected returns. Figure VII
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Figure VII: Long-horizon expected returns. 7-year expected returns as a function of the
surplus consumption ratio. The unconditional distribution of the surplus consumption ratio (not
drawn to scale) is shown in the background.

shows 7-year expected returns as a function of the surplus consumption ratio.®"

Similar to one-period expected returns in Figure V, long-horizon expected returns
rise considerably less during recessions for the accurate solution. They can spike
to over 65% p.a. during recessions for the Campbell and Cochrane (1999) solution,
but stay below 20% p.a. in the same states for the accurate solution.

Because long-horizon returns are less cyclical for the accurate solution, they are
also less predictable by cyclical variables. Table I shows estimates from regressions
of log excess returns on the log P/D ratio for various horizons. To compute these
statistics, I follow Campbell and Cochrane (1999) in simulating a long history of

artificial data from the model and time-aggregating them to an annual frequency.

8Seven years corresponds to the longest horizon Campbell and Cochrane (1999) consider in
their predictability regressions.
91 compute long-horizon expected returns recursively as o [Rt;t+ h] =

E, [%eAd‘“EtH[RHLHh]] and rely on the same interpolation method and quadra-

ture routine as in the model solution to evaluate the outer expectation.
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Table I: Long horizon return regressions

The two data columns are taken from Table 5 in Campbell and Cochrane (1999), “Campbell-
Cochrane (1999) solution” replicates the inaccurate model results in the original paper, and “Nu-
merically accurate solution” is based on the fine grid described in Section III.

Campbell-Cochrane Numerically

Postwar sample Long sample (1999) solution accurate solution
Horizon 10x 10x 10x 10x
(Years)  Coefficient  R? Coefficient ~ R? Coefficient R? Coefficient ~ R?
1 -2.6 0.18 -1.3 0.04 -1.8 0.07 -1.4 0.03
2 -4.3 0.27 -2.8 0.08 -3.4 0.13 -2.6 0.05
3 -5.4 0.37 -3.5 0.09 -4.9 0.18 -3.7 0.06
5 -9.0 0.55 -6.0 0.18 -7.1 0.26 -5.5 0.09
7 -12.1 0.65 -7.5 0.23 -8.9 0.30 -6.8 0.10

The two data columns are taken from Table 5 in Campbell and Cochrane (1999),
and the column “Campbell-Cochrane (1999) solution” replicates their (inaccurate)
results for the model: The magnitudes of both R? values and regression slope coef-
ficients are steeply increasing in the return horizon. At the 7-year horizon, the R?
reaches 30% and is quantitatively comparable to the empirical estimates. For the
accurate solution, slope coefficients and R? values are both smaller in magnitude.
Relative to the inaccurate solution, the R? for the 7-year horizon falls by a factor
of 3 to a value of 10%, which is substantially smaller than the empirical estimates.

In sum, when the habit model is solved accurately, it implies falling volatility
during recessions, which makes it inconsistent with the leverage effect and the strong

predictability of excess returns we observe in the data.
VI. A Habit Model with Countercyclical Leverage

I now propose an extension of the Campbell and Cochrane (1999) model, which
captures the dynamic asset pricing phenomena the original paper sought to explain.
The extension intentionally remains as close as possible to the original model speci-
fication and targets the same empirical phenomena, rather than adding complexity
and targeting a wider set of moments. Specifically, the extended model features the
surplus consumption ratio as its sole state variable and assumes lognormal shocks,

which implies that many findings about the habit model in existing work will likely
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Table II: Countercyclical leverage in the data

Ac is the log growth rate of real annual nondurables and services consumption per capita. Ad is
the annual log growth rate of CRSP cash dividends, converted to real units based on the implicit
consumption deflator. Calendar years with at least six NBER recession months are classified as
recessions. The post-war sample spans 1947-2022 and the long sample spans 1929-2022.

Post-war sample Long sample
All years  Recession  Non-recession All years  Recession  Non-recession
o[Ad]/o[Ac] 4.36 7.16 4.10 4.71 5.12 4.45
p[Ad, Ac] 0.12 0.31 -0.01 0.49 0.64 0.31

continue to hold. Novel assumptions and associated empirical evidence is discussed

in Section A, the calibration in Section B, and asset pricing results in Section C.

A.  Assumptions

The volatility of dividends and the correlation between dividends and consumption

are modelled as functions of the surplus consumption ratio,
oa(st) =ho + h1/1 —2(s; — 5)
p(st) =min {1,r0 + 711 —2(s — 5)} ,

where the parameters (hg, h1, 70, 71) replace (o4, p) in the original specification. All

(16)

other model elements remain unchanged. For h; > 0, dividend volatility is decreas-
ing in s, so that recessions (states of low s;) are associated with elevated volatility.
For r; > 0, consumption and dividends become more correlated in bad times.

To evaluate whether the assumed time-variation is empirically plausible, I com-
pute it in annual consumption and dividend data. Consumption equals real non-
durables and services consumption per capita from the BEA. Cash dividends on the
value-weighted stock market index are taken from CRSP and converted to real units
based on the implicit consumption deflator. Calendar years are classified as reces-
sion years if they contain at least six NBER recession months and as non-recession
years otherwise. I then compute the ratio of dividend growth volatility to consump-
tion growth volatility and the correlation between consumption and dividend growth
separately for recession and non-recession years. Table II shows the results. In the

1947-2022 postwar sample, the dividend-to-consumption volatility ratio rises from
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4.10 in expansions to 7.16 in recessions, whereas the correlation between consump-
tion and dividends rises from -0.01 in expansions to 0.31 in recessions. Results for
the longer 1929-2022 sample look similar. The dividend-to-consumption volatility
ratio rises from 4.45 in expansions to 5.12 in recessions, whereas the correlation be-
tween consumption and dividends rises from 0.31 in expansions to 0.64 in recessions.
For hy > 0 and 7, > 0, the dynamics in equation (16) are therefore qualitatively

consistent with the countercyclical nature of dividend risks in the data.'®

B. Calibration

I solve the model based on the accurate solution method described above and rely
on the original calibration, apart from the parameters that govern o4(s;) and p(s).
The solution is once again very precise: Absolute Euler equation errors have an
average of 1.9 x 107? and a maximum of 6.8 x 1077.

The leverage parameters (hg = 0.086,h; = 0.028,r; = 0.011,r; = 0.2) are
calibrated to an unconditional volatility of 11.2% p.a. for dividends and an un-
conditional correlation of 0.2 between consumption and dividends, as in Campbell
and Cochrane’s original calibration. The remaining two degrees of freedom are used
to generate realistic asset price dynamics, as illustrated below. Figure VIII shows
o4(st)/o and p(s;) as functions of the surplus consumption ratio. To compare the
amount of time variation in these moments to the data, I compute them in simu-
lated model data that are time-aggregated to an annual frequency. I classify year
t as a recession year if S; falls below its 13.6-th percentile (the frequency of NBER
recessions in postwar data) at the end of year (¢ — 1). My calibration implies that
the ratio of dividend volatility to consumption volatility rises from 7.3 in expansion
years to 9.0 in recession years, whereas the correlation between consumption and
dividends rises from 0.17 in expansions to 0.33 in recessions. The amount of time

variation in both of these moments is comparable its data analogue in Table II. At

10Schreindorfer (2020) documents the related fact that dividend growth rates (and returns) are
more correlated with consumption growth rates conditional on a low consumption realization, i.e.,
their “downside correlation” increases in the left tail.
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Figure VIII: Extended habit model: Countercyclical leverage. The ratio of dividend
volatility to consumption volatility (left panel) and the correlation between consumption and div-
idend growth (right panel) for the extended habit model are plotted as functions of the surplus
consumption ratio. The unconditional distribution of the surplus consumption ratio (not drawn to
scale) is shown in the background.

the same time, the level of both moments differs somewhat from the data because,

as mentioned above, it is calibrated to the values in Campbell and Cochrane (1999).

C. Results

The extended model mimics the empirically realistic but inaccurate asset price dy-
namics reported by Campbell and Cochrane (1999). Specifically, Figure IX shows
that the price dividend ratio (top-left panel), return volatility (top-right panel),
Sharpe ratio (bottom-left panel), and 7-year expected returns (bottom-right panel)
in the accurately-solved extended model (solid line) closely match the correspond-
ing moments in the inaccurately-solved original model (dotted line): Volatility is a
monotonically decreasing function of S; and therefore increasing in recessions. As
a result, returns are negatively correlated with volatility innovations at all times,
which implies that the model captures the leverage effect. Furthermore, expected
returns are steeply decreasing in S;. In long-horizon predictability regressions, the
slope coefficient rises from -1.8x107! at the 1-year horizon to -8.4x10~! at the 7-

year horizon, while R-squared rises from 0.06 to 0.24 (not tabulated). These values
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Figure IX: Extended habit model: Asset prices. This figure shows asset pricing moments for
the extended habit model and compares them to the equivalent moments in the inaccurately-solved
version of Campbell and Cochrane (1999).

are close to those for the inaccurate solution of the original habit model in Table I
and therefore close to the data.

Why does the countercyclical leverage model succeed where the accurately-solved
original model did not? First, as discussed in Section IV, the original model im-
plies that return volatility falls during recessions due to a decline in the conditional
volatility of P/D. In the countercyclical leverage model, P/D volatility continues to
decline during recessions and it continues to approach zero for S; — 0 (not shown).

However, dividends become more volatile at the same time and this effect dominates
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the reduction in P/D volatility, making returns more volatile overall. Second, as
discussed in Section V, recessions do not feature large spikes in expected returns in
the original model because (i) return volatility falls and (ii) the correlation between
returns and the pricing kernel becomes less negative. In the extended model, return
volatility does not decrease in recessions, and dividends and consumption become
more correlated. Returns (which reflect dividends) and the pricing kernel (which
reflects consumption) therefore become more (negatively) correlated as well, which

increases the Sharpe ratio and results in larger spikes in expected returns.
VII. Conclusion

When solved accurately, the Campbell and Cochrane (1999) model implies that
volatility is a hump-shaped function of the surplus consumption ratio. Deep reces-
sions are therefore characterized by very low volatility, as opposed to large volatility
spikes, as in the data. These volatility dynamics are an inherent feature of the habit
mechanism, rather than an implication of a specific calibration. In the accurate
solution, the “leverage effect” counterfactually disappears in recessions and stock
market returns are substantially less predictable than suggested by the results in
Campbell and Cochrane (1999).

I show that these undesirable implications can be overturned by augmenting the
habit model with countercyclical leverage — a robust feature of dividend growth rates
in the data. Intuitively, when leverage rises in recessions, it makes stocks riskier and
therefore increases their expected return. Most representative agent models follow
Cecchetti et al. (1993), Campbell and Cochrane (1999), and Abel (1999) in modelling
leverage as time-invariant, and therefore abstract from an important driver of time-
varying stock market risk in the data. It appears likely that countercyclical leverage
would result in more realistic asset price dynamics in other model frameworks as

well, and it would be interesting to explore this possibility in future work.
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